Abstract. We demonstrate that a phase-insensitive parametric amplifier, coupled to a quantum correlated source, can be used as a quantum information tap for noiseless three-way signal splitting. We find that the output signals are amplified noiselessly in two of the three output ports while the other can more or less keep its original input size without adding noise. This scheme is able to cascade and scales up for efficient information distribution in an optical network. Furthermore, we find this scheme satisfies the criteria for a non-ideal quantum non-demolition (QND) measurement and thus can serve as a QND measurement device. With two readouts correlated to the input, we find this scheme also satisfies the criterion for sequential QND measurement.
Introduction
Distribution of information without adding noise is the goal of an information network. It is not a problem to accomplish this in a classical system since we can make multiple copies nearly noiselessly. For a quantum network, however, such a task met a tremendous challenge: an arbitrary quantum state cannot be copied with a universal cloning machine due to quantum no cloning theorem [1] . On the other hand, this theorem does not prevent us from cloning a specific state, e.g., the eigen-states of the system. This is the underlying principle for noiseless quantum amplification [2] . Even with the noiseless amplification, we still need to split the information for distribution. But this task cannot be achieved with simple linear beam splitters because of the quantum noise of vacuum that is coupled in via the unused port [3] . It was suggested [3] and implemented [4] that squeezed states are injected in the unused port for quantum optical information tapping. But the scheme with a beam splitter always reduces the size of the signal and the readouts. Further noiseless amplification is thus required for information distribution, leading to a complicated configuration that is hard to scale up for integration.
It was demonstrated recently that a parametric amplifier coupled with correlated quantum source functions as a quantum information tap that can split a quantum signal better than a classical beam splitter and in the meantime amplify the signal [5] . Unfortunately, this scheme cannot be cascaded and is not suitable for information distribution.
In this paper, we analyze a scheme that combines the beam splitter scheme and the scheme for noiseless amplification with quantum correlation. We find that it can be used for three-way noiseless signal splitting with two of the outputs amplified and the third almost at input level and thus it is possible for cascade and scale-up.
It should be mentioned that some other schemes of quantum information tapping are based on quantum non-demolition measurement (QND) [4, 6, 7, 8, 9, 10, 11, 12] . On the other hand, the ability to perform quantum information tapping does not guarantee the scheme to be a QND measurement [11] . As discussed by Holland et al [13] , a set of three criteria must be satisfied for a non-ideal QND measurement. Our proposed scheme will be tested under these criteria. Furthermore, for a sequential QND measurement scheme [8, 11] , another criterion [11] is needed for non-ideal state projection in order for it to become a QND measurement.
The paper is organized as follows: In section 2, we discuss quantum optical tapping with beam splitters and correlated quantum sources. In section 3, we analyze a recent noiseless amplification scheme with non-degenerate optical parametric amplifier for quantum information tapping. In section 4, we combine the two schemes in sections 2 and 3 to achieve three-way noiseless signal splitting. In section 5, we discuss the conditions for the three-way splitting scheme to satisfy the QND measurement criteria. We conclude with a summary and discussion.
2. Quantum information tapping with a beam splitter coupled to a squeezed vacuum or a quantum correlated source First, let us consider a scheme of quantum information tapping with a beam splitter. With a squeezed state input at the unused port, as shown in Fig. 1(a) , this is the scheme proposed by Shapiro [3] . For an input coherent state |α with a non-zero quadraturephase amplitude X in = 2α (α = real,X in =â in +â † in ), we have the signal-to-noise ratio (SNR) of the input as
where the noise for the coherent state ∆ 2X in = 1 is simply the vacuum noise. For the two outputs of the beam splitter with a transmissivity T , it is straightforward to show [3] that the SNRs are
respectively. Here the numerators are the signal whereas the denominators are the noise. S is the degree of squeezing for the squeezed state (S = 1 for vacuum and S = 0 for perfect squeezing). The information transfer can be characterized by the transfer coefficients for the two output ports: T 1,2 = R 1,2 /R in which is simply the inverse of the noise figure of the system. Therefore the total transfer coefficient for the signal splitting with a beam splitter is
which reaches a maximum value of 2/(1 + S) when T = 1/2. Notice that when S = 1 for vacuum input at the unused port (no squeezing), we have T BS = 1 indicating no information tapping, i.e., the split signals have reduced transfer coefficients due to the addition of vacuum noise. But when squeezing is perfect with S = 0, we have T BS = 2 for complete information tapping with the signal splitting into two without degradation of the transfer coefficients. Another feature in this scheme is that the signal sizes in the outputs are reduced by half in the optimum case of T = 1/2. Quantum correlated sources also lead to quantum noise reduction and can be arranged for quantum information tapping, as shown in Fig. 1(b) . Assume thatâ andb are the two quantum entangled fields from a non-degenerate parametric amplifier that satisfies the Bogoliubov transformation from vacuum modesâ 0 ,b 0 :
where µ, ν are the amplitude gain coefficients of the non-degenerate parametric amplifier for the entangled source (µ 2 − ν 2 = 1). The quantum noise of the fields are correlated and can be reduced by subtraction. As before in Fig. 1(a) , the input signal fieldâ in in Fig. 1(b) is in a coherent state |α with a non-zero quadrature-phase amplitude X in = 2α (α = real). The outputs from the beam splitter with a transmissivity T arê
Because the noise ofâ is correlated withb, we need to subtract the current from homodyne measurement ofb. So, the outputs (1 and 2) areX 1 =X a 1 − λ 1Xb and Three-way noiseless signal splitting in a parametric amplifier with quantum correlation4
, respectively. Here λ 1,2 are the electronic gains for optimum noise reduction. The output signals are simply
After subtracting the noise fromb-field for quantum noise reduction, the noise of the two outputs are
It is straightforward to find
with
for optimum noise reduction and S e ≡ 1/(µ 2 + ν 2 ) for the degree of quantum noise reduction. We then have the signal-to-noise ratios for the two outputs:
Note that the expressions above are exactly the same as Eq. (2) for the scheme in Fig.  1 (a) and thus lead to the same overall information transfer coefficient in Eq. (3).
Non-degenerate parametric amplifier for noiseless amplification and quantum information tapping
In the schemes involving a beam splitter, we found that the signal sizes are reduced by a factor of T and 1 − T , which is undesirable if the schemes are used for cascade and scale up. To compensate the signal loss, we can resort to noiseless amplification by a degenerate parametric amplifier. But this adds some degree of complexity for the scheme. Recently, noiseless amplification is achieved in a non-degenerate parametric amplifier (NPA) with the help of quantum correlated sources for both the signal and the internal mode of the amplifier [5, 14] . It was suggested [15] and demonstrated [5] that the other idler output port of the amplifier should also contain the information about the input signal and can be used for quantum information tapping. We now analyze this scheme which is depicted in Fig. 2(a) . A NPA can be described bŷ
where G is the amplitude gain of the amplifier with G 2 − g 2 = 1 andb int is the internal mode of the amplifier. It has been shown in in Ref. [15] that when the input modeâ in and the internal modeb int of the amplifier are quantum mechanically correlated (in a way similar to Eq. (4)), the signal output portâ out of the NPA has the same SNR as the input SNR for dual beam detection if the amplifier's amplitude gain G = µ 2 + ν 2 with µ, ν for the characterization of the quantum correlation. For the idler output port, we haveb
For the input signal, we couple a coherent state |(α/r) with one of the correlated sources (fieldâ) by a beam splitter with amplitude reflectivity r ≪ 1 ( Fig. 2(a) ) so that the noise part is dominated by the correlated source while the signal part is a small part from the coherent state X in = 2r(α/r) = 2α (The correlated source has a zero mean value). The output signal size for the idler mode is X bout = (2α)g and the noise of the idler output is
Note that when we calculate the above, we letâ in andb int be correlated likeâ,b given in Eq. (4). The output signal-to-noise ratio is then
From Ref. [15] , we find the SNR for the signal output port as
For the dual beam detection (Fig. 2(b) ), the input SNR is simply R in = (2α) 2 (µ 2 + ν 2 ). So, the overall transfer coefficient is
This is optimized when G = µ 2 + ν 2 , which gives
Therefore, the overall transfer coefficient for the non-degenerate amplifier with correlated quantum source is
which is larger than 1 and approaches 2 for large gain G ≫ 1 and can serve for quantum information tapping.
Three-way quantum information splitting
Although the scheme in the last section leads to amplified signal output, it is assumed that the input signal is already incorporated in the correlated source by some means (the modulator before fieldâ in in Fig. 2(a) ). Thus it cannot be applied to an arbitrary input signal. In this section, we modify this scheme and combine it with the beam splitter scheme discussed in section 2 to form a three-way quantum information splitter. In order to work with an arbitrary input signal, we can encode the information in the coherent state before the beam splitter in Fig. 2 . We also need to split part of the correlated fieldb to subtract the noise in the transmitted signal from the beam splitter and we obtain the simple scheme of one tapping beam splitter (BS1) in Fig.  3(a) . However, this scheme does not work because of the vacuum noise input at BS2. It can be shown that the total transfer coefficient for the three outputs is at most 3/2. To avoid vacuum noise, we use the scheme of two tapping beam splitters (BS1 and BS2) in Fig. 3(b) by splitting the input signal into two equal parts:
Hereâ v is the vacuum field introduced for input signal splitting. The effect ofâ v is negligible for this scheme (see the discussion at the end). We then send the split signals to BS1 and BS2, respectively, to mix with the correlated fieldsâ,b, as shown in Fig. 3(b) . Assume both BS1 and BS2 have the same transmissivity of T . The signal-transmitted outputs of the beam splitters:
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are combined with another 50:50 beam splitter. The added output of the 50:50 beam splitter is labeled as c out :ĉ out = (ĉ 1 +ĉ 2 )/ √ 2. Note that the signs in Eq. (18) are so chosen by adjusting relative phases betweenâ 01 ,â 02 and betweenâ,b. Therefore, the output signal is simply
So the SNR for output c is
The superscript (3) denotes the scheme for three-way splitting. Now let us look at the other two outputs which are the two outputs of the amplifier:
with the two inputsâ 1 ,b 1 being the two signal-reflective outputs of BS1 and BS2, respectively:â
Here, an overall π-phase shift is added toâ 1 by adjusting its delay. So, the signals of outputsâ out andb out are
The output noise can be calculated as
which gives a minimum value
when G = µ, g = ν. So the SNRs for output a and b are
With R in = (2α) 2 and R
c from Eq. (20), we have the overall transfer coefficient for the three-way information splitting as
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In the case when g ≫ 1, we have T (3) → 3. This corresponds to ideal three-way splitting without noise added. For other values of g, we plot T (3) in Fig. 4(a) as a function of the transmissivity T for various values of g. For each value of g, when T = T op ≡ g/(G+2g), T (3) becomes the maximum value of
In Fig. 4(b) , we plot the maximum T
M ax as well as the value of T op as a function of g.
It can be seen that T (3)
M ax → 3 and T op is around 1/3 as g ≫ 1.
In order to cascade the scheme for scaling up, we need T ∼ 1. From Eq.(28), we find that as long as 2 ( 
(1−T )g 2 → 3. So, it is possible to achieve three-way noiseless splitting under the condition for cascade.
Notice that when T = 0, i.e., there is no output atĉ out , this scheme is only a twoway information splitting and becomes the phase sensitive amplifier scheme for quantum information tapping [16] .
Three-way quantum information Tap as a QND device
Because of the involvement of the beam splitter and the amplification, the schemes discussed in previous sections cannot serve as an ideal QND measurement device. Holland et al discussed the criteria for a non-perfect QND measurement [13] . Let us now discuss how well our schemes can serve as a QND device along the line of argument of Ref. [13] .
We will not discuss the schemes in section 2 with only a beam splitter because Holland et al [13] already discussed the case with a squeezed state and the one with a correlated quantum source involves dual-beam and is not suitable for cascade required by a QND measurement. We will only concentrate on the scheme in Fig. 3(b) of section 4 with three-way splitting.
Sinceâ out ,b out are amplified from the inputâ in , their individual noise is also much larger than vacuum noise so they are not likely to be the signal output of the nondemolition measurement but more likely to be the readout fields. So,ĉ out will be the signal output field. From Ref. [13] , the first criterion for QND measurement is the correlation coefficient between signal input and output field C Xa in Xc out . It concerns how well the measurement scheme is for non-demolition. From the connection ofĉ out to the inputâ in , we find
This quantity is close to one for QND measurement if
2 ≫ (1 − T )/T , which can be realized with good correlation from the entangled fields. For cascade condition of T ∼ 1, (1 − T )/T ∼ 0. So, it is easy to achieve this QND criterion even with modest quantum correlation (characterized by ν). The second criterion is about how well the readout fields are correlated to the input field. This is quantified by the correlation coefficients:
which is approximately equal to 1 −
c /R in , so that they satisfy
The third criterion is about how well the scheme serves as a state projection device, which requires the conditional variance of output field on the readout fields to be smaller than one, the variance of the input coherent state. For Gaussian random variables, the conditional variance can be found as [17] 
Here, subscript m means that parameter λ is optimized to minimize the value. With
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and
V (X cout |X bout ) is the same as the above. The conditions for these two quantities smaller than one and close to zero are the same as the conditions for the first two QND criteria discussed earlier. So, this scheme can serve as a QND device when
. Since there are two readouts, they should also be well correlated [8] , which can be quantified by the correlation coefficient:
. The state projection is quite unique for quantum measurement. For non-ideal case, this is reflected as the third in the criteria by Holland et al [13] . In the ideal quantum measurement, because the state is projected to the eigen-state of the measurement, subsequent measurement will give out the same result as the first one. For non-ideal case, however, the projected state is not exactly the eigen-state of the measurement. For a good QND measurement scheme, subsequent measurement should project to a state that is closer to the eigen-state than the first one. This property is not discussed by Holland et al. So, for sequential non-ideal QND measurement, a fourth criterion should be required that addresses the additional information with two readouts. This was discussed in Ref. [11] . Here we rephrase it in terms of conditional variance. Since the conditional variance V (X cout |X aout ) on one measurement outcome is used to characterize the state projection quality of one non-ideal QND measurement, we should use the conditional variance V (X cout |X aout , X bout ) on two measurement outcomes for sequential non-ideal QND measurement. A good state projection should require V (X cout |X aout , X bout ) < V (X cout |X aout ). We can find V (X cout |X aout , X bout ) in a similar way as V (X cout |X aout ) by minimizing the quantity:
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Comparing Eq. (37) with Eq. (35), we find for
Thus, the criterion for sequential QND measurement is satisfied.
Summary and discussion
In summary, we proposed a scheme of three-way quantum information tapping by combining a beam splitter scheme with a quantum correlated noiseless amplification scheme, in which the two readout fields are amplified while the third output is almost unchanged that can be cascaded down for further information distribution. At large gain of the amplification, the overall information transfer coefficient is close to the optimum quantum value of 3, corresponding to noiseless information splitting. Such a three-way information tapping scheme, satisfying a set of four criteria for QND measurement, can serve for a sequential QND measurement. Compared to the beam splitter scheme with a squeezed state or a correlated source, at the same level of signal attenuation (by a factor of the beam splitter transmissivity T), we achieved two readout outputs instead of one. Thus, our scheme is more efficient in quantum information tapping. In all the cases discussed, ideal conditions are reached at high gain level which is quantified as 2g 2 (1 − T ) ≫ 1. This requirement corresponds to the two amplified readout signals are larger than the original input signal. This is the advantage of the current scheme involving noiseless amplification: it can give rise to appreciable readout signal levels even if the portions initially distributed to these readout channels are small (1 − T ≪ 1 if T ∼ 1).
In our scheme of three-way quantum information tapping presented in Fig. 3(b) , there is a vacuum inputâ v at the 50:50 beam splitter for input signal splitting. What role does it play? Actually, it does not contribute toĉ out field at all: with the proper phase, the contribution ofâ v is canceled atĉ out field so it will come out at the other output port of the 50:50 combining beam splitter (which will not contain any information about the input, either, by the same argument). On the other hand, the vacuum inputâ v does contribute to the two amplified readouts:â out ,b out . After a detailed look, however, we find that the contribution ofâ v is deamplified and becomes negligibly small for a large g.
